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Introduction



Sampling

Aim: sample from a probability distribution π on Rd and approximate expectations w.r.t.

π(x) = γ(x)/Z whose normalising constant might be unknown∫
f (x)π(x)dx

Motivation: compute posterior expectations in Bayesian inference

When π is not available in closed form is natural to resort to numerical approximation methods.
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Sampling as optimisation over distributions

min
µ∈P(Rd )

KL(µ|π) :=

∫
Rd

µ(x) log
µ(x)

π(x)
dx

where KL(µ|π) denotes the Kullback–Leibler divergence.

Variational Inference

Algorithms based on the Langevin diffusion: Random walk Metropolis (RWM), Metropolis

adjusted Langevin algorithm (MALA), Unadjusted Langevin algorithm (ULA)

Algorithms based on tempering: sequential Monte Carlo (SMC), Annealed importance

sampling (AIS), Parallel tempering (PT)
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Gradient Flows



Gradient descent in Euclidean space

Let F : Rd → R+ be a functional on Rd . Consider the optimisation problem

min
z∈Rd
F(z).

The gradient descent ODE in Euclidean space is

ẋt = −∇F(xt).

An Euler discretisation of the above gives the standard gradient descent algorithm

xn+1 = xn − γn+1∇F(xn).
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Gradient descent on P(Rd)

Let F : P(Rd)→ R+ be a functional on P(Rd). Consider the optimisation problem

min
µ∈P(Rd )

KL(µ|π).

Gradient descent in this space is given by the following gradient flow

µ̇t = −∇MKL(µt |π)

where M denotes the metric w.r.t. which the gradient is taken.
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Wasserstein Gradient Flow

If the metric is the Wasserstein-2 distance we obtain the Wasserstein gradient flow PDE

(Jordan et al., 1998)

∂tµt = −∇W2 KL(µt |π)

= div
(
µt∇ log

(µt

π

))
= −div (µt∇ log π) + ∆µt .

Using the connection between Fokker–Plank PDEs and SDEs we obtain

dXt = ∇ log π(Xt)dt +
√

2dBt

which is known as the Langevin diffusion.
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Langevin based algorithms

Simple Euler–Maruyama discretisation leads to the Unadjusted Langevin Algorithm (ULA)

Xn+1 = Xn + γ∇ log π(Xn) +
√

2γξn+1

where (ξn)n∈N is a sequence of i.i.d. d-dimensional standard Gaussian random variables.

Many others:

Metropolis adjusted Langevin algorithm (MALA)

Random walk Metropolis (RWM)
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Fisher–Rao Gradient Flow

If the metric is the Fisher–Rao metric (or Hellinger) we obtain the Fisher–Rao gradient flow

PDE

∂tµt = µt

(
log

(
π

µt

)
− Eµt

[
log

(
π

µt

)])
which has analytic solution (Chen et al., 2023)

µt ∝ π1−e−t

µe−t

0 .
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Fisher–Rao Gradient Flow and Tempering

Consider a time discretisation of the Fisher–Rao gradient flow

µn ∝ π1−e−tn
µe−tn

0 .

In the Monte Carlo literature, it is common to consider the following tempering (or

annealing) sequence

µn ∝ µ1−λn
0 πλn ,

where 0 = λ0 < λ1 < · · · < λT = 1. There are at the basis of

Parallel Tempering

Annealed Importance Sampling

Sequential Monte Carlo tempering

Termodynamic Integration

If λn = 1− e−tn for some tn, tempering is a time discretisation of the Fisher–Rao gradient flow

(Chopin et al., 2024; Domingo-Enrich and Pooladian, 2023).
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Fisher–Rao with importance sampling

Time discretisation of the FR gradient flow: given µn we obtain µn+1 as

µn+1(x) ∝ π(x)1−e−tn+1
µ0(x)e

−tn+1
=
π(x)1−e−tn+1

π(x)1−e−tn

µ0(x)e
−tn+1

µ0(x)e−tn
µ0(x)e

−tn
π(x)1−e−tn

=

(
π(x)

µn(x)

)1−e−(tn−tn+1)

µn(x) =

(
π(x)

µ0(x)

)e−tn−e−tn+1

µn(x).

If we have X 1
n , . . . ,X

N
n ∼ µn we can approximate µn+1 by importance sampling with weights

W i
n =

(
π(X i

n)

µ0(X i
n)

)e−tn−e−tn+1

as in tempering SMC tempering/AIS.
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Wasserstein or Fisher–Rao?

W If π satisfies a log-Sobolev inequality

KL(µt ||π) ≤ KL(µ0||π)e−2λ−1
π t

FR If µ0, π have bounded second moments and | log(µ0/π)| ≤ M(1 + |x |2)

KL(µt ||π) ≤ Ce−t .
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Solution: Wasserstein–Fisher–Rao gradient flow

Combining the W and FR dynamics we obtain the WFR gradient flow.

∂tµt = µt

(
log

(
π

µt

)
− Eµt

[
log

(
π

µt

)])
+∇ ·

(
µt∇ log

(µt

π

))
.

Enjoys better convergence properties

KL(µt ||π) ≤ min
{
KL(µFR

t |π),KL(µW
t |π)

}
.

Sharper rates are work in progress (happy to chat about this!).
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Wasserstein–Fisher–Rao gradient flow: Convergence
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Figure 1: Evolution of KL along different PDE flows with µ0(x) = N (x ; 0, 1) and

π(x) = N (x ; 20, 0.1) (left), π(x) = N (x ; 1, 5) (right).
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WFR with sequential Monte Carlo

A possible time discretisation of this PDE consists in applying the W flow first and then the FR

flow. Given X 1
0 , . . .X

N
0 ∼ µ0

1. propose new locations using ULA (W flow)

X i
n = X i

n−1 + γ∇ log π(X i
n−1) +

√
2γξin ξin ∼ N (0, Idd)

and obtain µN
n = 1

N

∑N
i=1 δX i

n

2. reweight (FR flow)

W i
n =

(
π(X i

n)

µN
n (X i

n)

)1−e−(tn−tn+1)

.

This algorithm falls within the class of sequential Monte Carlo methods
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SMC-WFR
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Figure 2: Comparison of approximations of the target π(x) =
∑4

i=1 wiN (x ;mi ,Ci ) for the birth-death

Langevin algorithms and our SMC approximation. For the latter the colour of the particles corresponds

to the weight (brighter corresponds to higher weight). We compare both the joint distribution and the

marginals.
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Tempered Dynamics



Tempered Dynamics

Replace π with a time varying target πt ∝ πλtµ1−λt
0 for λt : R+ → [0, 1]

Tempered W

∂tµt = ∇ ·
(
µt∇ log

(
µt

πt

))
.

Can be implemented via Tempered Langevin dynamics.

Tempered FR

∂tµt = µt

(
log

(
πt
µt

)
− Eµt

[
log

(
πt
µt

)])
.

Has analytic solution

µt ∝ µ
e−t+

∫ t
0
es−t(1−λs )ds

0 π
∫ t

0
es−tλsds .

These are not gradient flows of KL(µ|π).
16 / 26



Tempered Dynamics: Convergence

W

KL(µt ||π) ≤ KL(µ0||π)e−2λ−1
π t + A

∫ t

0

e−2(t−s)λ−1
π (1− λs)ds

FR

KL(µt ||π) ≤ C (1−
∫ t

0

es−tλsds).
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Tempered Dynamics: Convergence
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Figure 3: Evolution of KL along different PDE flows with µ0(x) = N (x ; 0, 1) and

π(x) = N (x ; 20, 0.1) (left), π(x) = N (x ; 1, 5) (right).
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Conclusions

Metric Dynamics Algorithm

Wasserstein Langevin diffusion ULA (Markov chain)

Tempered Wasserstein Tempered Langevin diffusion Tempered ULA

Fisher–Rao Tempering Importance sampling

Tempered Fisher–Rao Tempering Importance sampling

WFR Diffusion+Reweighting sequential Monte Carlo

The gradient flow perspective is useful for

deriving new algorithms (and justifying known ones!)

convergence results

opens the door to extensions through the use of other divergences
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Splitting Wasserstein–Fisher–Rao



WFR PDE

The WFR PDE

∂tµt = µt

(
log

(
π

µt

)
− Eµt

[
log

(
π

µt

)])
+∇ ·

(
µt∇ log

(µt

π

))
naturally lends itself to splitting:

the FR flow has known analytic solution µt ∝ π1−e−t

µe−t

0 which can be approximated via

IS

the W flow can be approximated by e.g. ULA.
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W-FR Splitting

A sequential splitting applied to the WFR PDE takes the form

ν̂1(x ; γ) = SW (γ, µ0)(x)

ν1(x ; γ) = SFR(γ, ν̂1)(x)

ν̂2(x ; γ) = SW (γ, ν1)(x)

ν2(x ; γ) = SFR(γ, ν̂2)(x)

...

We denote the FR-W splitting by ηi (x ; γ).

SW and SFR do not commute, thus ηi (x ; γ) 6= νi (x ; γ) for γ > 0.
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FR-W or W-FR?
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Figure 4: Difference in KL for a single time step γ for W-FR split and FR-W on 1D Gaussians. Left:

Target more diffuse than initial distribution (mπ = 20,Cπ = 100,m0 = 0,C0 = 1). Right: Target more

concentrated than initial distribution (mπ = 20,Cπ = 1,m0 = 0,C0 = 100).
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Measuring Improvement

We aim at minimising KL(µ|π). Check the time derivative over [0, γ]

WFR

d

dγ
KL(µγ |π) = −Eµγ

[∣∣∣∇ log
µγ

π

∣∣∣2]− Varµγ

[
log

µγ

π

]
W-FR

d

dγ
KL(νγ |π) = −Eνγ

[∣∣∣∇ log
νγ
π

∣∣∣2]− Varνγ

[
log

νγ
π

]
+ (eγ − 1)Covνγ

(
log

νγ
π
,
∣∣∣∇ log

νγ
π

∣∣∣2)
FR-W

d

dγ
KL(ηγ ||π) = −Eηγ

[∣∣∣∇ log
ηγ
π

∣∣∣2]− Varηγ

[
log

ηγ
π

]
−
∫ γ

0

Covητ

(
SW

(
γ − τ, log

ηγ
π

)
, |∇ log

ητ
π
|2
)
dτ
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t = n × γ
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Figure 5: Left: Ratio of KL from n-step W-FR scheme to KL from continuous time WFR as a

function of t = n × γ, π is a 10D Gaussian and γ = 0.7. For reference, KL(µ5||π) = 10.2. Right:

Ratio of KL from one step of W-FR scheme to KL from continuous time WFR as a function of step

size γ where π is a 2 component univariate Gaussian mixture.

24 / 26



Questions I

When are the covariances negative (we have some conditions – but no results known in

full generality).

Continuous time/space very well studied. What is the best way to obtain discretisations?

Interplay between splitting and numerical approximation.

Thank you!
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