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Introduction and motivation



Fredholm equations

» Fredholm integral equation of the first kind

i) = [ Koeyan() =l y eR?

model: electromagnetic scattering, image reconstruction, density
deconvolution...

» Fredholm integral equation of the second kind

ﬂm=kéﬁvaﬂﬂ+%ﬂ

model: reinforcement learning, optimal control, light transport...
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Fredholm equations

» Fredholm integral equation of the first kind

i) = [ Koeyan() =l y eR?

model: electromagnetic scattering, image reconstruction, density
deconvolution...

» Fredholm integral equation of the second kind

1) = [ Kxy)dn) + o)
R
model: reinforcement learning, optimal control, light transport...

m /. = observed probability measure over RP — known
m ¢ = forcing function RY — known

m )\ € R - known

m k = integral kernel — known

7 = probability measure to recover (over RY) — unknown
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The functional

» Fredholm integral equation of the first kind

KL (u

» Fredholm integral equation of the second kind

KL <7T

where KL (v1]12) = g4 log(v1(2))dri(z) — [pa log(v2(2))dvi(z) -

[ Kt +ak (nfm)

o4 A [ K )an(y)) +aKL(rlro
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m k smooth with bounded derivatives

B o
» admits density w.r.t. Leb, (dm/dLebg)(x) o exp[—U(x)]
» with Lipschitz continuous first and second derivatives

» 1 has finite second moment
» o is positive, smooth with bounded derivatives

» )\ is positive
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Workflow

Wasserstein

gradient
flow Ité’s lemma
Fa() PDE SDE
Time Dis-
Particles Interacting cretization \ ol
umerica
SDE Particle Sys-
Scheme
tem
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Another formulation

Recall that we want to minimize

KL <u

We consider instead

[ Kea0)) + @k (almo).

q
€
I

- / tog(lk(, )] + n)dp(y) + a KL (xlmo)

with 77 > 0 to ensure stability and boundedness.
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For any a,p > 0, .Z]1 is proper, strictly convex, coercive and lower

semi-continuous. In particular, #2 admits a unique minimizer
* d
oy € P(R?).
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Wasserstein Gradient Flow and
McKean—Vlasov SDE



Subdifferential

Recall that we want to minimize

Fa(m) = = Jgalog(wlk(-, y)] + n)dpu(y) + oKL (m|mo)

(we focus on the case where a, 7 > 0).

Subdifferential of .Z is given by

0sF (%) = = [go Vik(x, y)/(w[k(:, y)] + n)dp(y) + aV logm(x)/mo(x) -
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Wasserstein gradient flow

A Wasserstein gradient flow for % is given by (7¢)r>0

|0me = —div((b” — aVU)m) + ol |

where

b(x,m) = [go Vak(x,y)/(w[k(-, y)] +n)du(y) -

No guarantee of convergence via standard methods (Ambrosio et al.,
2008) since 1 is not strongly geodesically convex
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McKean-Vlasov SDE

McKean-Vlasov SDE whose law converges to the unique minimizer of
T

(e’

dXt* — {bn()q*7 )\;) — aVU(Xt*)}dt + \/ﬁdBt )

where

m (B:)r>0 Brownian motion

B (A\})>0 is the distribution of X
m 57(x,7) = [go VaK(x, )/ (7 [k (-, )] + n)du(y)
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Convergence of the McKean-Vlasov process

Under the previous assumptions, there exists a unique strong solution to
the McKean-Vlasov equation for any initial condition Xy with
E[[|Xo]|?] < +o0.

Under the previous assumptions we have

lim Wa(A},7,,) =0.

t—+o00

Results due to Hu et al. (2019). Contrary to previous works use the fact
that A} is a gradient flow for ./ and that a > 0.
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Interacting Particle System and
Numerical Scheme



Approximation via particle systems

Forany Ne Nand k < N

XN {b”(X" N ANy~ avU(xk ’V)} dt + v2adB* |

m {(Bf)i>0 : k € N} independent Brownian motion

- )\4\’ = (1/N) ZLVZI dykn is the empirical measure.

Classical propagation of chaos results (Sznitman, 1991). Particle
systems approximate McKean-Vlasov for large N € N for any finite time
horizon, limuy_ 400 £(X5") = £(X}) at rate N=1/2.
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Geometric ergodicity and approximation

For any N € N geometric ergodicity holds

Under the previous assumptions, for any N € N, there exist Cy > 0,
pn € [0,1) such that for any ¢t > 0

WAL (™), A (™)) < Cuply ™ — x|l

In particular, the particle system admits a unique invariant probability

measure ’/TN.

B limy_i0o Cy =400 and limy— 400 py =1

Under the previous assumptions, limy_, 1 W1(7TN,7T;’77) =0, the
unique minimizer of %]
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Discretization and numerical implementation

Euler-Maruyama discretization. For any N € Nand k < N

- n(xkN \N &
= XkN 4 ECGTA) G GUREN) + ey Zk,,

Sk, N
X L[| o7 (X AN |

For stability issues, we consider a tamed version

Bao et al., 2020
Under the previous assumptions, for any N € N, any 1, « > 0 and any
T > 0 there exists Cy > 0 such that

B[ sup [R5V = XAV < Cry.
ne{0,...,n7}

forall k € {1,..., N}
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Practicalities

m smooth reconstructions obtained by kernel density estimation

m 7o used as "prior’ to guarantee smoothness/sparsity (influences
shape of reconstruction not speed of convergence)

m « selected by cross validation

m choice of N,

E[suPne(o,....nry I1X3 = XN < Cr(NTY2 4 ).
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Experiments



First kind: Epidemiolo

i) = [ Kx)int) = alpl y e R

1 = distribution of hospitalisations over time

k = delay between infection and hospitalisation

7 = distribution of infections over time

Comparing with Richardson-Lucy algorithm/ EM, robust
incidence deconvolution estimator (RIDE) and SMC-EMS, a
sequential Monte Carlo implementation of EM + Smoothing

—true incidence
RL

—-RIDE
—--SMC-EMS
- -FE-WGF

50

> - -FE-WGF

X reported cases
RL

—-RIDE
—-SMC-EMS
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First kind: Epidemiology

| Well-specified
Method | ISE(r) ISE(z)  runtime (s)
RIDE 9.0-10~* 3.4-10* 58
SMC-EMS | 3.3-107* 25-10°* 3
FE-WGF | 2.7-10* 25.107* 96

‘ Misspecified
Method ‘ ISE(7 ISE(i)  runtime (s)
RIDE 1.0-1073 3.4-10* 58
SMC-EMS | 3.7-107* 25-107* 3

FE-WGF 31-107*% 25.107* 95

17 / 24



First kind: Scaling with dimension

m Multidimenesional deconvolution problem (k(x,y) = k(y — x))
m recover the density of X from observations with additive noise
Y=X+¢€

m comparing with one-step-late Expectation Maximization

Gain in ISE

101.5
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0.0 |

» -

18 / 24



First kind: Scaling with dimension

m comparing with SMC-EMS

@ SMC-EMS
0.080 | | @ FE-WGF
0.075}
= oo070]
0.065
0.060
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Second kind: Toy model

7(x) = (x) + A / k(x, y)dn(y)

Rd
m comparing with Von-Neumann expansion

/
025 1 |— = RJ-MCMC /
------ FE2kind-WGF
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/
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h /
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/ R
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0.00»--—'-"""‘"‘"*"“—" : | |
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oeve Expansions

m(x) = A L k(x, y)dm(y)

m comparing with Nystrom method

squared exponential exponential

——— Nystrom
. FE2kind-WGF 0.012

0.012

oo
om0 om0
—
X oo
N—r
[= osee

0.008

0.007
0.006

0.006 |-+
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Connections



Tikhonov’s Regularization

Minimizing
KL (1] [ KC)an(s)) + KL (rlro)

is a probabilistic analogous to Tikhonov regularization
{H y)an(y)

In the limit lim,— 00 ap =0, limp— 400 7y = 0 we have

2

+ ol — | : WELQ(Rd)} .

7+ € argmin{KL (7|m) : 7 € arg minp, ga) 73 }-
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Maxent methods

The functional .%,, can be seen as the Lagrangian associated with the
following primal problem

arg min{KL (7|m) : 7 € P(R?), KL <M

[ Kenint)) =0y

Closely related to

argmax{H(r) : 7 € Pg(RY), KL (,u

[ i)t = ok
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Conclusion



Conclusions

Standard techniques
m require discretization of the domain and/or approximate 7 with a
linear combination of basis functions
m require discretization of p
m impractical as dimension increases

m Require a specific form of k (e.g. convolution kernel)
Gradient flows allow

m adaptive stochastic discretizations
m natural implementation when we only have samples from p

m tackling higher dimensional problems
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Conclusions

Standard techniques

m require discretization of the domain and/or approximate 7 with a
linear combination of basis functions

m require discretization of p

m impractical as dimension increases

m Require a specific form of k (e.g. convolution kernel)
Gradient flows allow

m adaptive stochastic discretizations
m natural implementation when we only have samples from p

m tackling higher dimensional problems
Thank you!
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