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Latent Variable Models & Expectation Maximisation

Latent Variable Models (LVM)

Consider the following data-generating process
X ~ pe()
y ~ po(:[x)

for some parameter € R%, where x € R% is a latent variable
which cannot be observed.

Given a data point y we want to find 6, maximising the marginal
log-likelihood

log po(y) = log/Rd po(x, y)dx,
where py(x, y) = po(x)po(y|x).
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Latent Variable Models & Expectation Maximisation

An Optimisation Point of View

Our aim is to find 6, maximising

k() = poly) = [ Pl yyix = [ & U0ax

with U(6, x) := — log pg(x, y).

This is a well-studied problem in optimisation, one solution is to
find a distribution which concentrates around 6, and use standard
tools to sample from this measure.

E.g. simulated annealing, set k(6)" and let N — oc.
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Latent Variable Models & Expectation Maximisation

Simulated Annealing for LVM

The extended target

N
7rN(«9,X1,X2, vy XN) OC EXP (— Z U(H,x;))

admits as #-marginal

N
TN (6) /]Rd .../Rd exp (—Z U(H,x,-)) dxidxs...dxy

i=1

N
_(/ eU(9,x)dx> :k(G)N,
Réx

which as N — oo concentrates on 0,.
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Latent Variable Models & Expectation Maximisation

N

Sampling from 7

e unadjusted Langevin algorithm (Akyildiz et al., 2025)
e adjusted schemes (Doucet et al., 2002)
e Stein variational gradient descent (Sharrock et al., 2024)
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Latent Variable Models & Expectation Maximisation

Interacting Particle Langevin Algorithm (IPLA; Akyildiz
et al. (2025))

N
N0, x1, x2, ..., xny) o exp <— Z U(H,x,-))

with negative log-gradient

N
1
Vo log 7V (6, x1.n) = — N § VoU(0, x;),
j=1

Vi log 7V (6, x1.n) = =V U(8, x7).

Francesca R. Crucinio Proximal Interacting Particle Langevin Algorithms



Latent Variable Models & Expectation Maximisation

Interacting Particle Langevin Algorithm (IPLA; Akyildiz
et al. (2025))

The corresponding interacting particle Langevin diffusion is

N
1 N 2 -0
deN = —NZIVOU(B{V,X{’ )dt + \/NdBt”", (1)
J
ax;N = —v,ue), xMat+v2dBN i=1,2, ..., N.
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Proximal Interacting Particle Langevin Algorithm (PIPLA)

Non-differentiable Targets

Consider the case in which

U(0,x) = —log pg(x, y) = g1(0, x) + g2(0, x),

with g1 € C* and g» not C! but convex and lower semi-continuous.

e lasso regularisation
e the elastic net

e total-variation norm
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Proximal Interacting Particle Langevin Algorithm (PIPLA)

Proximity map

For U convex, proper and lower semi-continuous and A > 0

proc(x) := arg min, {U(2) + |1z — x|/(2)} .

Moves points in the direction of the minimum of U acting as a
“gradient”.
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Proximal Interacting Particle Langevin Algorithm (PIPLA)

Moreau-Yosida envelope

Moreau-Yosida envelope

For any A > 0, define the A\-Moreau-Yosida approximation of U as

VM) = min {U(2) + |12 = x|/ (2)}

Take 7(x) o< exp(—U(x)). We we define the A\-Moreau-Yosida
approximation of 7 as the following density

ma(x) o< exp(—U*(x))
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Proximal Interacting Particle Langevin Algorithm (PIPLA)

Moreau-Yosida envelope

Moreau-Yosida envelope

For any A > 0, define the A\-Moreau-Yosida approximation of U as

VM) = min {U(2) + |12 = x|/ (2)}

Take 7(x) o< exp(—U(x)). We we define the A\-Moreau-Yosida
approximation of 7 as the following density

ma(x) o< exp(—U*(x))

» converge (pointwise, in TV, ...) to 7 as A = 0

» ) is continuously differentiable with
Vlog ma(x) = A7 (x — prox)(x))
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Proximal Interacting Particle Langevin Algorithm (PIPLA)

Moreau-Yosida envelope
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Figure: Moreau-Yoshida envelope for the Laplace distribution
m(x) oc exp(—|x|) (Pereyra, 2016).
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Proximal Interacting Particle Langevin Algorithm (PIPLA)

Moreau-Yosida Langevin Dynamics

. _uU> - . . . .
Since 1y o< e~Y” is now continuously differentiable, we can write

the Langevin diffusion
AdXyr = —VUNXy 1 )dt + V2dB:,
or, equivalently,

dXye = AL (proxy(Xae) — Xa¢)dt + V2dBy.

The resulting algorithm is known as MY-ULA (Durmus et al.,
2018; Pereyra, 2016).
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Proximal Interacting Particle Langevin Algorithm (PIPLA)

Moreau-Yosida Interacting Particle Langevin Algorithm
(MYIPLA)

If U= g1+ g, we can take U* = g; + gz’\ so that
VUMNO,x) = Vgi(0, x) + A~ ((0, x) — proxy, (6, x))
and obtain

N
1 : 2
a6y = —5 > VoUN 8y, X[ M)+ 1By "

j=1
dx;" = —v, oMo, x[V)dt + vadB;".
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Proximal Interacting Particle Langevin Algorithm (PIPLA)

Bayesian Neural Network: Laplace prior

Bayesian two-layer neural network to classify MNIST images.
The latent variables are the weights, w € RAw=40x784  f the input
layer and those, v € R%=2%40 of the output layer.

40 784

p(/|f, x) o exp (Z vjj tanh (Z Wj,-f,->>
j=1 i=1
Pa(w) = H Laplace(w;|0, €2)

ps(v) = H Laplace(v;|0, €2?)
i

with 0 = (o, ).
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Proximal Interacting Particle Langevin Algorithm (PIPLA)

Bayesian Neural Network: Laplace prior

Prior % of zero weights Thresholds Error (%) LPD

Layer 1 Layer 2 Layer 1 Layer 2

Laplace 74 48 0.2 0.2 7 —0.23
Normal 74 48 0.5 1.1 15 —0.74
16 15 0.2 0.2 16 —0.78
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Proximal Interacting Particle Langevin Algorithm (PIPLA)

Bayesian Neural Network: Laplace prior
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Figure: MYIPLA vs IPLA prior. Histogram and density estimation of the
weights of a BNN with Laplace prior for a randomly chosen particle from
the final (500 steps) cloud of 100 particles.
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Proximal Interacting Particle Langevin Algorithm (PIPLA)

Conclusions |

We propose a family of algorithms to find the MLE in LVM which
exploits

| 2

|
>
>
>

scaling of Langevin diffusions

optimisation perspective

combines expectation and maximisation steps
allows for non-differentiable prior/likelihoods

returns approximations of both 6, and py, (x|y)
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Proximal Interacting Particle Langevin Algorithm (PIPLA)

Conclusions Il

» similar schemes can be derived from a gradient flow point of
view Kuntz et al. (2023)

» for ProxIPLA other discretisations exists (as well as a gradient
flow inspired equivalent)

» theoretical results are available (under strong assumptions)
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Proximal Interacting Particle Langevin Algorithm (PIPLA)

Thank you!
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